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The necessary and sufficient amount of entanglement required for cloning of orthogonal Bell states 
by local operation and classical communication is derived, and using this result, we provide here 
some additional examples of reversible, as well as irreversible states. 
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I. INTRODUCTION 

Nonorthogonal states cannot be cloned exactly 0, 
whereas orthogonal states can be. But multipartite or- 
thogonal states can not be cloned only by local operation 
and classical communication (LOCC) in general without 
using entangled ancilla state, as otherwise that would im- 
ply creation of entanglement by LOCC. In this scenario, 
if one allows these far apart parties to share some known 
entangled states as extra resource in the form of blank 
copy state and machine states (we together call them as 
ancilla) , cloning of orthogonal multipartite (entangled in 
general) will be possible. 

Through out this paper, we shall consider the four Bell 
states as: 



\Bi) 
\B2) 
\Bz) 
\Ba) 



111)), 
111)), 



^(|01) + |10)), 
^(101) -|io)), 



(1) 



where one of the particles (i.e., one of the qubits) is held 
by Alice and the other is held by Bob. 

We show in section II that any two Bell states can 
be cloned by sharing just 1 ebit free entanglement in 
the ancilla state. Cloning of four Bell states is discussed 
in section III. This has been generalized, in section IV, 
for 1 ^ iV copy cloning of Bell states. In section V, 
we provide some new examples of quasi-pure states 0\. 
We provide some new examples of irreversible states, in 
section VI. We summarize our results in section VII. 



II. 1 2 EXACT CLONING OF TWO BELL 
STATES 

Now consider the simplest case where the state may 
be any two of |i3i)'s. If they share, as ancilla, two 
known ebits, they can first locally distinguish the above- 
mentioned two Bell states, and then they can locally 
transform the two shared ebit states to two copies of the 



corresponding Bell states. In fact, one can have the same 
result by one ebit of shared ancilla state (although the 
cloned state will remain unknown) . How to achieve this? 
Let Alice and Bob share either \Bi) or jSa) (see equation 
(^). If they share (as ancilla) the known state \Bi), then 
by applying C-NOT operation locally (where the qubit of 
unknown Bell state is the source and the qubit of the an- 
cilla will be the target, for both Alice and Bob), they will 
share two copies of the unknown Bell state. The same 
result can be obtained (modulo some overall phases) for 
any two bell states from the set given in J^l, by, first local 
unitarily transforming (or, expressing the local bases in 
terms of some other local bases) the two Bell states to 
the states \Bi), ji^a) (expressed in the new basis), then 
making the local cloning of these later two Bell states 
(using 1 ebit of entanglement), and finally local unitar- 
ily transforming (or, expressing the local bases in terms 
of some other local bases) \Bi)®'^ and l-Ba)®^ to the re- 
spective two copies of the initially given set of two Bell 
states. 

It is to be noted here that one ebit of free (i.e., dis- 
tillable) entanglement is necessary in the shared ancilla 
state. If not, let p be any shared bipartite ancilla state 
(where the distillable entanglement of p is less than 1 
ebit), for which, under LOCC, any two Bell states \Bi) 
and \B2) (say) can be exactly cloned. This immedi- 
ately shows that, the initially shared separable state 
p.gp = \{P[\Bi)] + P[\B2)]) of Alice and Bob wiU be 
transformed (together with the above-mentioned shared 
ancilla state p) as 



Psep ' 



'P^7^{P[\Bi) 



\B,)]+P[\B2)®\B2)]), 
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due to linearity of the 1 — > 2 cloning operation :3i]. The 
final state has 1 ebit of distillable entanglement (across 
the Alice : Bob cut) U], while total initial state has less 
than 1 ebit of distillable entanglement - a contradiction. 
So, whatever shared ancilla state p we take (for 1 — + 2 
cloning of two Bell states) , it must have at least one ebit 
of distillable entanglement. 

Above-mentioned argument can be directly general- 
ized to show that (TV — 1) ebits of free entanglement 
(i.e., distillable entanglement) in the shared ancilla state 
is necessary as well sufficient to have 1 ^ iV exact 
cloning of any given set of two Bell states (given in 
(0)), by LOCC only 0. This result immediately shows 

(2) (2) 

that the distillable entanglement of p]^ where p)^ = 



2 



+ P[\B3)^^]), in the Ahce : Bob cut, is 
given by Ed (pj^^) = - 1. 

III. 1 ^ 2 EXACT CLONING OF FOUR BELL 
STATES 

Let us now come to the case where Ahce and Bob has 
to clone one (but unknown) of the four Bell states, given 
in (Q. It can be easily shown that if Alice and Bob 
share three ebits (i.e., three known maximally entangled 
states of two qubits), they can prepare two copies of that 
unknown state, locally. Because with one shared ebit, 
Alice can teleport her part (of the unknown Bell state) 
to Bob, and Bob can distinguish these four Bell states, 
and hence they can transform locally the rest two copies 
of the Bell states to the desired Bell states. 

We now show that for cloning any one of the four Bell 
states, given in locally, two ebits of shared ancilla 
state is necessary. Consider the state where two far apart 
parties Alice and Bob are sharing two copies of one of the 
four Bell states with equal probabilities. Thus the shared 
state is: 

PS = 15^)^,3,], (2) 

1=1 

where Alice is holding the qubits Ai, A2, while Bob is 
holding the qubits Bi, B2- This state is interestingly 
separable in the A1A2 : B1B2 cut f^. If cloning of the 
four Bell states is possible with shared ancilla state p, by 
using LOCC only, we then have 

1 4 

Ps<»P^^Y.^ ® \B,) (g> \B,)] . 
1=1 

The final state has 2 ebits of distillable entanglement 
0, and hence p must have at least 2 ebits of distillable 
entanglement. 

Now we are going to show that two ebits of distillable 
entanglement, in the shared ancilla state, is also suffi- 
cient for exact cloning of the four Bell states. In order 
to do this, let us ffi'st consider teleportation of two-qubit 
states (locally) via the state ps, given in equation ||2Jl. 
Interestingly, this state can also be written as 

1 4 

i=l 

where the four qubits Ai, A2, Bi, B2 might be far apart, 
where Alice (i) is holding the qubit A^, and similarly 
for Bob. Now we consider the teleportation of a two- 
qubit state shared between Alice(l) and Bob(l). Let 
Alice(l) and Bob(l) are teleporting their qubits to Al- 
ice(2) and Bob(2) respectively, using the same teleporta- 
tion protocol, namely the standard teleportation protocol 
of Bennett et al. |^] , for exactly teleporting an unknown 



qubit through the channel state \Bi). This teleportation 
{i.e., teleportation of any two-qubit state from Alice(l) : 
Bob(l) cut to Alice(2) : Bob(2) cut, via the shared chan- 
nel state PS, and using the exact protocol of Bennett et 
al. for the channel state for each qubit) can be 

represented in terms of the following maps (see 19|): 

a^^af ^<5,,a^®af , (3) 

where i,j = 0,1,2,3, and where a^^ is the identity op- 
erator acting on the Hilbert space of the qubit Ai, erf ^ 
is the Pauli matrix Ux , acting on the Hilbert space of the 
qubit Al, etc., etc. (see ref. lO] for an explanation of the 
map lO). Using this map, one can easily see that any 
Bell state (from equation (QJ), shared between Alice(l) 
and Bob(l), can be exactly teleported to Alice(2) and 
Bob(2) 11]. 

Consider now the following state of six qubits Ai, Bi 
(i- 1,2,3): 

I 4 

P^""^ ^ i E ^ [|5«>AiBi ® \B^)A,B, ® mA,B-A ■ (4) 

2 = 1 

This state is a quasi-pure state 0, 0| . It has 2 ebits 
of distillable entanglement in the A1A2A3 : B1B2B3 cut 
0, while it can also be created using 2 ebits of entan- 
glement. Here we are going to provide a simple prepara- 
tion procedure of this state, starting from 2 ebits of free 
entanglement. Let Alice and Bob start with the follow- 
ing shared 2 ebit state D — P[\Bi)aiBi ® \Bi)a2B2] ® 
^{P[\Bi)a3B3] + ^'[1-82)^353])- Now, with equal proba- 
bility. Bob applies either nothing or he applies the Pauli 
matrix ax on each of his three qubits. Next Alice and Bob 
both apply locally two consecutive C-NOT operations on 
their respective qubits, taking the third pair of qubits as 
target (for both of these two C-NOT operations), while 
the first two pairs of qubits will act as source. This will 
directly give rise to the state p^^^ of equation Q). 

The two reduced density matrices of p^^-* , correspond- 
ing to the subsets {Ai, Bi, A2, B2} and {Ai,Bi,A3, B3} 
are the same Smolin state ps- Thus if Alice(l) and 
Bob(l) jointly teleport (using the map given in |j3Jl) the 
unknown Bell state, it will be reproduced both between 
Alice(2), Bob(2) as well as between Alice(3), Bob(3). 
Thus two ebits of shared ancilla state (shared between 
Alice's side (^11,^2,^3) and Bob's side (Bi, 52,^3)) is 
sufficient to have the 1-^2 cloning of one of the four 
Bell states, given in (^. 



IV. 1^ N EXACT CLONING OF FOUR BELL 
STATES 

Interestingly 1 — > 3 cloning of unknown Bell state, 
taken from the set given in by LOCC, also requires 
2 ebits of entanglement. If Alice and Bob share the fol- 
lowing 8-qubit ancilla state p(4) = jJ2i=iP[\Bi) AiBi ® 



3 



\Bi}A2B2 ® \Bt)A3B3 ® \Bi)A4Bi], using the same proce- 
dure as above, they can have the desired 1^3 cloning 
of the unknown Bell state. Interestingly, single copy of 
this 8-qubit state can also be prepared from 2 ebits of 
free entanglement. We now describe a simple process of 
this state. Alice and Bob first start with the following 
shared 2 ebit state: L» = ^{P[\Bi)a,bA+ P[\B3)a,bA)(^ 

P[\Bi)a,b, ® |Bi)a3B3] ® i(P[|Si)A4sJ + P[\B2)a,b,]). 
Alice and Bob both now apply two consecutive C-NOT 
operations, where the first pair of qubits are taken as 
source, while the second and third pairs of qubits are 
targets. In the next step, Alice and Bob both apply lo- 
cally three consecutive C-NOT operations on their re- 
spective qubits, taking the fourth pair of qubits as target 
(for both of these two C-NOT operations), while the first 
three pairs of qubits will act as source. This will directly 
give rise to the state p^'^'> . 

This result can be easily generalized for 1 ^ cloning 
of four Bell states, using the shared ancilla state 

This ancilla state has N ebits of distillable entan- 

glement when A^ is even, and A^ — 1 for A^ odd. But 
being reversible [ij, p^^~^^^ can be prepared us- 
ing A^ and A — 1 ebits for even and odd cases respectively. 



V. EXAMPLES OF QUASI-PURE STATES 

Using these above results of cloning we now provide 
some new examples of quasi-pure states, each of which 
is reversible. Consider the following 2A^ party entangled 
state (where A^ is odd) 

^ — ^z— 1 

where, for all the A^ copies of the Bell state \Bi), one 
qubit is with Alice, while the other qubit is with Bob, 
and where < pi < i for all z = 1, 2, 3, 4. This state can 
be prepared by the following j)rocess. Consider the fol- 
lowing density matrix pB = J2i=iPiB[\Bi)] with the same 
Pi as above {ps is obviously separable). This state can 
be prepared locally by Alice and Bob. Alice and Bob also 
now locally prepare the state given as in equation 

(O, using (A^ — 1) ebits of free entanglement 12]. Take 
Pb with and apply the previous 1 — > A^ cloning 

operation, the final state will become p{p). So the entan- 
glement cost 14, 15j Ec of the state p{p) will be at most 
(A^ - 1). But now Alice and Bob locally apply (A^ - 1) 
consecutive C-NOT operations on their respective sets of 
qubits (where the A^-th qubit pair is taken as the target 
and each of the first (A^ — 1) qubit pairs are taken as 
source), and then they locally distinguish the two sets of 



Beh states jBa)}, {jSg), IS4)} in the target qubit 

pairs. This will then directly give rise to (A^ — 1) copies 
of \Bi) or IB3) (depending upon the measurement out- 
comes), and hence, (A^ — 1) ebits of entanglement can be 
distilled from p{p) (see also 0). Hence, for this state, 
entanglement cost and distillable entanglement are same 
(and its value is equal to (A^ — 1)), providing an example 
of reversibility. 

VI. EXAMPLES OF IRREVERSIBLE STATES 

Now we generalize the example of irreversibility in [l6j | , 
to the case where A^ no. of Bell states are involved. It 
has been shown in that for the state 

a,=pP[\B,)] + {l-p)P[\B2)], 

where < p < 1 and p ^ ^, we have Ec{(Ti) = 

H2[\ + \/p{^ ~ p)]. But its distillable entanglement is 
given by Ed{(Ti) — 1 — H2{p), where for < x < 1, 
H2{x) — — xlogjX— (1 — a;)log2(l — x) jlj|. Thus we ha;ve 
here 

E,{ai)> ED[<yi). (6) 
Next we consider the state 

aM=ppmr''] + {i-p)p[\B2r% 

where < p < 1 and p ^ ^. And we are going to show 
now that Ec{(Jn) > Eo{<yN)- First of all, we show that 
UN can be prepared locally from the state ai together 
with (A^ - 1) ebits of free entanglement \Bi)®^^-'^\ In 
this direction, first both Alice and Bob locally apply the 
Hadamard transformation on the respective qubits of the 
state ai . Thus we will have the following transformation 

{ppm)] + (1 - p)p[m]) ® p[|i?i)®(^-i)]. 

Now both Alice and Bob use C-NOT operations locally 
and sequentially, where the source qubit belongs to the 
state (Ti, while the target qubits will come from each of 
the (A^ — 1) Bell states \Bi) (see the case of cloning of 
the two Bell states \Bi) and I-B3)). Thus we have now 
the following transformation: 

{pp[\B,)] + (1 - p)p[m]) ® p[|Si)«(^-i)] ^ 

= cr^ (say). 

Again Alice and Bob will locally apply Hadamard trans- 
formations on each of the A^ qubits of their sides, so 
finally, we will have the desired state ctat. As the 
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transformation ai (8) P[|Bi)®(^~^)] un has been 
achieved above by using local unitary transformation 
Ua ® Vb in the Alice : Bob cut, therefore, Ec{(Tn) = 
Eciai ® (in the Alice : Bob cut). And, 

as from equation (17) of ref. [ri|, it is known that 
Eciai «) P[|Bi)®(^-i)]) = Eci<7i) + {N - 1), therefore. 



E,{aM) ^ E,{a,) + {N -I) = H2[-Vp{1 - p)] + iN -1). 

(7) 

On the other hand, using the reverse local unitary oper- 
ation Uj^ ®Vg, we have the following transformation: 

ajv^ai®F[|Bi)®(^-i)]. 

And so, EoicTN) = Eoiffi ® P[|Si)®(^-i)]). Now 
considering the invariance under local unitary opera- 
tions and sub-additivity property of relative entropy 
of entanglement Er{.), we have Eb,{<Jn) — ER{ai ® 
Pni3i)®(^-i)]) < ER{a^) + {N-l) = l-H2{p) + {N-^ 
[iSj. And, as Eji{.) is an upper bound of Ed{.) 119|, 
therefore, Ed{<Jn) < Er{(Tn) < Er{(Jx) + [N - I) ^ 
Ed{o'i) + (N — 1) (as, for the state (Ti, we have Er){ai) — 
1-H2{p) 111, and also £;fl(cri) = l-i?2(p) El). But as 
we can distill Eo{<Ji) ebit of entanglement from a single 
copy of (Ti, therefore, from the state cti (g) 
we can distill at least Ed{<Ji) -I- (A^ — 1) ebits of entan- 
glement. And so, 

ED{(yN)^ED{(Ti) + {N -l)^N -H2{p). (8) 

Using equations ®, and we have Ec{<Jn) > 
Ed{<^n)- Hence the state ctjv is irreversible. 



VII. CONCLUSION 



In summary, we have shown that the minimum re- 
source (in terms of free entanglement) required to make 
1 — > A^ copy cloning by LOCC of unknown Bell states, 
from any known set of two Bell states, is (A^ — 1). On the 
other hand, it has been shown here that the minimum 
resource required to make 1 N copy cloning by LOCC 
of unknown Bell states, from the set of four Bell states, 
is different for odd and even cases. In even case it is just 
equal to A^ ebit whereas in odd case it is (A^ — 1). We have 
also given here new examples of reversible states as well 
as irreversible states, formed by using multiple copies of 
Bell states. 

Our results show that in order to have 1 ^ A^ 
exact cloning of any given set of three Bell states, 
it is necessary to have at least (A^ — 1) ebits of free 
entanglement in the shared ancilla state, while A^ ebits 
of free entanglement (in the shared ancilla state) is 
sufhcient in this case, if A^ is even, and (A^ — 1) ebits 
of free entanglement (in the shared ancilla state) is 
sufficient in this case, if A^ is odd. Existence of more 
tight bound on the sufficient condition, in this case, is 
an open question. 
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